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Abstract 

Let X be a Riemannian manifold endowed with a co-compact isometric action of an in- 
finite discrete group. We consider spaces of harmonic vector-valued forms on the 
product manifold X^, which are invariant with respect to an action of the braid group B^, 
and compute their von Neumann dimensions (the braided L^- Betti numbers). 
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1. Introduction 



In recent years, there has been a growing interest in the analysis and geometry on vari- 
ous spaces of configurations (i.e. finite or infinite countable subsets) in a given topological 
space X, motivated by widespread applications in various parts of mathematics, including 
topology, representation theory, statistical mechanics, quantum field theory, mathematical 
biology, etc. (see [H, H, El, H, H, fl and an extensive bibliography in [Q, fl 
and [31]). The development of the general mathematical framework for suitable classes of 
configurations is an important and challenging research theme, even in the case of finite 
number of components (particles) in each configuration. Many properties of the spaces of 
infinite configurations are in turn studied via the limit transition in the number of particles. 

Observe that functions on the space of X-particle configurations in X can be identified 
with the functions on the Cartesian product of N copies of X, which are invariant with 
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respect to the natural action of the symmetric group Sn by permutations of arguments. 
Let us also note that certain spaces of mappings on (e.g. vector-valued functions and 
differential forms in the case where X possesses a manifold structure) may admit more 
complicated groups of symmetries. An important example of an extended symmetry group 
is given by the braid group Bp^, and the spaces of fi^r -invariant differential forms on 
can be regarded as spaces differential forms on "braided configuration spaces", which are 



related to the study of multi-particle systems obeying anyon and plekton statistics (" [|22|] . 



m,m). 

An important and intriguing question in this framework is the relationship between the 
properties associated with the multi-particle structure of these spaces, and the topology 
and geometry of the underlying space X. In many interesting cases, X is a non-compact 
Riemannian manifold of infinite volume, which makes it natural to discuss the above ques- 
tions in the framework of the theory of invariants. This programme has been started in 



[IIJ, [IIJ, llMfl, IID. 

Initiated by M. Atiyah, the theory of invariants of non-compact manifolds pos- 
sessing infinite discrete groups of isometrics serves as a brilliant example of application 
of von Neumann algebras in topology, geometry and mathematical physics. The initial 



framework introduced in nllu is as follows. Let X be a non-compact Riemannian mani- 
fold admitting an infinite discrete group G of isometrics such that the quotient K = X/G 
is compact. Then G acts by isometrics on the spaces L^f2'"(X) of square-integrable m- 
forms over X. The projection P^"^^ onto the space 'H'^(X) of square-integrable harmonic 
m-forms (the m-th L^-cohomology space) commutes with the action of G and thus be- 
longs to the commutant Mm{X) of this action, which is (under certain conditions) a IIoo- 
factor. The corresponding von Neumann trace Tr^^-P^"^^ =: f^mi^) gives a regularized 
dimension of the space 'H'"(X) and is called the L^-Betti number of X (or K). Since 
the pioneering work [,lli1. L ^-Betti numbers and other invariants have been studied by 
many authors (see e.g. BOll and references given there). 

The construction above covers in an obvious way the case of the product manifold X^ 
endowed with the natural action of the product group G^. The commutant Mm{X^) of 
the corresponding action in the space L^i7™(X^) contains the von Neumann subalgebra 
0fci+ -+fc]v=m ^^^=1 ® ••• ® Mkj^ (X), and the Kiinneth formula shows that 

/3„(x^)= PkAx)...PkAx). 

fciH \-kpf=m 

The situation becomes much more complicated if we consider the spaces of forms 
on X^ admitting additional symmetries, for instance, invariant with respect to the ac- 
tion of the symmetric group Sn by permutations of arguments. In this case, the pro- 
jection onto the space of S'at -invariant harmonic forms does not in general belong to 
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M^(X^).The minimal extension |m^(X^), PjT^j" has been studied in Q, (U, iQ, 
[HI], where the corresponding trace formulae were derived and applied to the computation 
of L^-Betti numbers of finite and infinite configuration spaces. 

In the present paper, we consider the space L^f2™(X^, Aj^) of square-integrable m- 
forms on , which take values in a finite dimensional Abelian algebra and are invari- 
ant with respect to a special representation U of the braid group Bj\f. The representation U 
is constructed as the tensor product of a given unitary representation rr of in A^ and 
the natural action (3 of in L^f2"^(X^) by permutations. 

Let Pj^"^ be the projection onto the space H^iX^, An) of harmonic forms in 
Lfjn"^{X^ , An). The construction of the (minimal) von Neumann algebra containing 
P^N^ and computation of the trace of P^'' involves the study of the von Neumann algebra 

{M„(X^)®End(Ajv),f/}". (1) 



N) 



We give a description of these von Neumann algebras and study the space 'H'^{X^ , A 
in the situation where An = (C^)*^^ and the representation tt is generated by a 4 x 4 
matrix C satisfying the braid equation 

(C ® 1)(1 ® C)iC ® 1) = (1 ® ® 1)(1 ® C). 



Representations of this type have been extensively studied, see [|28|] . 

The structure of the paper is as follows. In Sections 2 and 3, we derive general for- 
mulae for the traces on von Neumann algebras of the type O. In Sections 4 and 5, we 
compute the dimensions of the spaces 'H'^{X'^ , An). In Section 6, we define the space 
0jYeN ^(7 ("^^' ^A^) °f "harmonic m-forms on the braided configuration space" and 
compute the supertrace of the corresponding projection (via the limit transition — oo) 
in terms of the Euler characteristic of the underlying manifold X and certain invariant of 
the representation U . 

In what follows we refer to [|l2n . ll32ll . ll27ll for general notions of the theory of von 
Neumann algebras. We denote by Tik the faithful normal semifinite trace on a Hqo- factor 
K. 



2. Trace formula 



We start with the review of some well-known facts from the theory of braid groups 
that we will need in what follows, see e.g. lIlOll . ll29ll . The braid group Bn is generated by 
elements bi, . . . ,bN-i satisfing the commutation relations 



bibj 
bibjbi 



bjbi, , 
bjbibj, 



^ - J 
'i — 



>2, 



1. 
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The symmetric group Sn is a quotient group of Bn with respect to the relations b"^ = 1, 
i = 1, . . . N — 1. We denote by : Bjy — )■ Sn the corresponding canonical homomor- 
phism. 

Let us consider the pure braid group B^^'^ := Ker (p (or the group of color braids). 
Define the forgetful homomorphism f^-i : B^^'^ — )■ B^^l which acts on a pure A^-braid 
by forgetting its last string. Observe that the kernel of f^-i is isomorphic to the free group 
F/v_i. Thus one has the split exact sequence of groups 

1 ^ F^^^ ^ i?r' ^ B^Zl ^ 1- (2) 

Thus the pure braid group can be decomposed into the semidirect product B^^'^ = F^^i x 
B^^l of the free group F/v_i and the group B'^^l of pure — 1 braids. Iterating the 
decomposition procedure one can represent B^'^ as the iterated semidirect product of 
free groups Fi ~ Z, F2, . . . , Fj^^i (the Artin normal form of B^^^). The generators Xij, 
1 < ^ < j\ of the free group Fj, j < N — 1, can be represented in the form 

= • • • ^i+i^i ^j+i • • • ^7-1^7^- 

Therefore the elements Xij, l<i<j<N — 1, generate B'^^'^. 

In what follows, we will use the following special representation of the group B^. 
Let (3 be a unitary representation of the symmetric group Sat in a separable Hilbert space 
H and tt be a unitary representation of i? at in a finite dimensional Hilbert space V. Then 
these representations generates a unitary representation U of the group B^in Hilbert space 
H 0V hy the formula 

U{h){^ ®v) = ©(0(6.))e ® 7r{h)v, (3) 
where ^ E H, v E V. A direct computation shows that 

U{b,)U{b,+i)U{bi) = U{h+r)U{h)U{h+^), 

which implies that formula ([3]) indeed defines a unitary representation of the group Bj^. 
Let us introduce the subspace 

{^H®V)jj = {f EH® V\ U{h)f = /, ^ = 1, . . . , iV - 1} (4) 

of U -invariant elements of H ®V and consider the corresponding orthogonal projection 

Pu : H®V ^ {H®V)jj. 

Let M be a IIoo factor acting in H and define Q = M ® End(l^). In general, the 
projection Pjj does not in general belong to Q. In what follows, we will extend Q to a 
suitable Hqo factor containing Pu. We suppose that the following condition holds. 
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Condition 2.1. The operators ©(cr), c G Sn, a ^ e, do not belong to M. 

Condition 12.11 will be verified in the particular situations considered in the following 
sections. It implies that the formula 

a^{x) = e{a)x&*{a), x eM (5) 

defines a nontrivial outer action 



S'at 9 (T «^ e Aut(M) 

of the group Sn by automorphisms of the Iloo-factor M. Consider the corresponding 
cross-product M Xq, Sat. It is well known that an automorphism of a factor is free iff it is 
outer. Therefore (see e.g. Proposition 1.4.4) M' fl (M Sn) = C so that M S'at 
is a (IIoo-) factor. 

Lemma 2.2. The map 

i:Myi^SN3 (x, a) ^ xU{a) E {M, {6(a)},e5^}" (6) 
is an isomorphism of factors. 

Proof. Observe that the map ([61) is a non-trivial surjective normal homomorphism. It 
is well known that factors do not contain proper weakly closed two-sided ideals, which 
immediately implies that any homomorphisms between them is either identically zero or 
injective, and the result follows. □ 

Let us define the space 

= {veV\ tt{/3)v = V for all (3 G 5^"''} 
of 7r(_B^^^)-invariant elements of V . 

Lemma 2.3. ( i) The space is invariant under the representation vr of the braid 
group Bn. 

(ii) The restriction of the representation -n of Bn to the space defines a representa- 
tion TT of the symmetric group Sn via the formula 

7^{^{hi))='K{h) \ V\l = l,...,N -I. 
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Proof, (i). It is sufficient to show that the subspace V is invariant under the action of 
operators 7r(6j), i = 1 . . . , N — 1. Let us suppose that is not invariant w.r.t. 7r(6Ar_i). 
Then there exists an elements G 7i(bN^i)V'^ orthogonal to V^. Let w = 'K{hN-i)v, where 
V e . The equality 7r(6^_Ji; = v implies that ^{hN-iiw = v and Tc{blj_^)w = w. 
Then 

V = TT{bN^i)Tr{blf_2)n{bJf\)v = n{bN^i)n{b%_2)w, 

so that we have 7r(6^_2)w = w. The relations b^-ibk = bkb^^i, k < N — 3, and 
7r(xij)v = V imply that 

7r(xi,fc)tu = n{xi^k)'n'{bN-i)v = Ti{bN^i)'rr{xi^k)v = n{bN^i)v = w 

for all 1 < 2 < A; < — 3. We have also 

7r{Xi,N-l)w = 7r{bN-l)Tr{Xi,N-2)7^{bN\)w 

= n{bN-i)Tr{xi^N-2)v = n{bN-i)v = w 

because n(b]^^_i)w = v then for alH = 1, . . . , — 2. Finally, let us show that the vector 
w is invariant with respect to 7r(xi^N-2), i = 1, . . . , N — 2. The equality 

n{bN-i)'n'{xi^N--2)'n-{b;^\)v = v 

implies that n{bj^^i)n{xi^N^2)w = v, and 

vr(xi,Ar_2)w = Ti{b'^\)v = w. 

We see that w is invariant with respect to all operators n^Xij), l<i<j<N — 1. 
Elements Xij generate the pure braid group, which implies that w E V^. Therefore the 
space is 7r(6Ar_i)-invariant under the operator 

By similar arguments one can show that is invariant w.r.t. the action of operators n(bk), 
k = l,...N-2. 

(ii) follows from the equality 7r(6^) \V'^= idy^ and (i). □ 
Consider the projection 
We have the following result. 

Theorem 2.4. The projection Pu : H ®V ^ {H ®V)jj can be represented in the form 
where tt is the unitary representation of the group Sn constructed in Lemma |273] 
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Proof. Let us denote by A the right-hand side of (|7]). It follows from Lemma [23] that the 
relation 7r(6j)p^ = PnTc{bi) holds for any i = 1, . . . , N — 1. Therefore A E End {H V) 
is a projection. 

It is sufficient to show that images of P and A coincide. It is obvious that if ^ G 
{H (g) V)^ then (1 O p^)^ = ^ and (g) 7T{a)^ = ^. Therefore the space {H (g) V)jj = 
P{H ® V) is contained in the image of A. Let us prove the converse inclusion. Let an 
element e H ®V belong to the image of A. Then ^ G (g) V^'' and 6(a) (g) 7r(o-)^ = ^. 
Since 7r(6j) f V = Tx{ip{hi)) we have 

f/(6,)e = 6(^(bO) ® 7r(6,)e = 6^(6,) ® = e, 

i. e. ^ is [/-invariant. Thus the image of A is contained in the space {H ®V)jj = 
Pu{H®V). □ 

Corollary 2.5. We have the inclusion {H ®V)jj d H ® V^. 

Let us introduce the von Neumann algebra Qu '■= {Q,{f/(/3)}/3eBAr}" generated by Q 
and the operators f/(/3), (5 G B^- It is obvious that Pu G Qu ■ 

Lemma 2.6. Von Neumann algebras (M x Sn) ® End(V^) and Qu are isomorphic. 

Proof. Recall that operators (3(0(/3)), (3 G Bn, (3 ^ e,do not belong to M, which implies 
that operators 

f/(/3) = Gim) ® vr(/3), /3 G 5^, /3 ^ 5^', 

do not belong to Q. Therefore the representation U generates a nontrivial outer action a' of 
the group on the Hqo factor Q. Applying the arguments similar to the proof of Lemma 
l2.2l one can see that there exists an isomorphism 

(Qx„,S;v)=^{g,{f/(/3)Wr. (8) 

On the other hand, for any f3 G B^ we have the inclusion 7r(/3) G End(y), which implies 
that the factors Qy<ia' Sn and (M xi^ Sat) (g)End(y) are isomorphic, and the result follows. 

□ 

Corollary 2.7. Qu is a Wao-f actor 

Proof Follows from the fact that(M x Sn) ® End(K) is a Iloo-factor. □ 
Corollary 2.8. It follows from i^TM thatTiq^ = TtmxSn ^ trEnd(y)- 

Without loss of generality we assume that the trace on End(V^) is normalized, that is, 

trEnd(y)(l) = 1- 
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Corollary 2.9. For any A E M and B G End {V) commuting with p^, we have 

Trg J(A ® B)Pu) = ^^^^trEnd(y)(Sp^). (9) 

Proof. It follows the properties of the trace on a semidirect product of factors that for any 
a G Sn the following equality holds: 

i:iQ^{A&{a)®Bp^^{a)) = TrM>o5^(^©M)trEnd(y)(5p,^((T)) 

= 5e,aTrM (v4)trEnd(y) {Bp^Tx{a)) , 

where 5e,a is the Kronecker symbol. Formula (|9]) follows now from ([7]). □ 
Remark 2.1. Introduce the projection 

It follows from Q that the following formula holds: 

TiQ J(A ® B)Pu) = TrM(Ps)TrQ^((A ®B){1® p^)) 

= j^TTQ,{{A®B){l®p^)). 

In order to extend formula ^ to general elements of Qu, we introduce Iloo-factors 

:= M (g) End {V^) and := M (g) End {{V^)^). 

It is well known that any finite dimensional unitary representation of a locally compact 
group is completely reducible. Thus the representation tt can be decomposed into a direct 
sum TT = TT^ © TT^ whcrc TT^ = TT = TT \ and vr^ = TT f ( V)^. Observe that in the case 
when TT is irreducible we have V = {0} and vr^ is a zero representation. Therefore we 
can introduce von Neumann algebras 

= {Q\ {&{a) ® ^{o)}^^s^}" and = {Q\ {6(0(/3)) ® 7^\mp^B^}"- 

Clearly and Q'^ are isomorphic to Iloo-factors x Sn and xi respectively, and 

Pu eQ\ 

We define the following natural trace on the von Neumann algebra (B Q'^ setting 

dimV^ dim(V^)^^ 
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AieQ\A2eQ\ 

Consider an arbitrary A E Q commuting with 1 ® p.„. Then A G ® Q"^ and 
APu e Q\ Observe that = trEnd{y)(p^) and A{1 ^ p^) e Q\ Applying the 

arguments similar to the proof of Corollary |2.9| one can see that 

Tro^eoMPu) = ^^^^^^^;^tr,.,(^)(p.). (11) 

Remark 2.2. Note that formula (E]) is compatible with ©. Indeed, if A ^ B e M ® 
End {V) and B G End {V) commutes with p^, then A® B e ®Q'^ and by (dB we 
have 

TrQie(3^((A®i?)P^) = I^^iiA^^trEM(v)(p.) 



N\ 
TrM(A) 



trEnd(y) 



because the traces trEnd(y) and trEnd(y'r) are normalized. 

3. Braided multi-particle spaces and the corresponding trace 

In this section we apply the general construction discussed above to the case where the 
space H has the form of the tensor product Hf^ of copies of a separable Hilbert space 
Hq and 

Sn^ct^ 6((t) G End(i/o®^) (12) 

is the natural action of Sn in H®^ by permutations, so that (3(0(6i)) is the permutation of 
the ?-th and i + 1-th components in . As in the previous section, the representation U 
is defined by formula ([3]), that is, 

U{hi){i ®v) = 6(0(6,))e ® n{k)v, (13) 

where ^ E H, v e V, elements &i, . . . , bj^^i are the generators of the group B^ and 
(f) : Bn ^ Sn is the canonical homomorphism. The corresponding subspace (H i®V)jj 
of invariant elements (cf. (H))) will be called the braided N -particle space. 

Let Mo be a IIoo factor acting in Hq and define the corresponding IIqo factors M = 
M®^ and Q = M ® End V acting inH = H®^ and H®V. 



The following result was proved in [11311 (see also 1141]). 
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Proposition 3.1. Representation & defined by formula ^ 172]) satisfies Condition 12.71 that 
is, &{a) ^ M for all a G Sn- 

Proposition l3. ll implies that we can apply the theory developed in the previous section. 
According to Lemma |2!6] we have 

PueQu = (Mo^^ x„ Sn) ® End{V). (14) 

In what follows we will show that Qu is the minimal extension of Mq'^ containing and 

Theorem 3.2. Factors Qu and Qp := {Q, Pu}" are isomorphic. 

Proof The inclusion Qp C {M^^ x„ S^v) ® End(y) follows from (fT4]). 

Let us prove the inverse inclusion. Observe that operators 7r(6j) G End(y) and hence 
'^Mf^y^aSN ® '^i^-i) ^ Qp- This it suffices to prove that the operators (g) lEnd(y) 

belong to Qp. Denote Pi = |(1 + (3(0(6j)) lEnd(v))- The IIqo -factor M can be 
represented in a form ® B(l2), where is a IIi factor and B{l2) is a space of all 
bounded operators in the Hilbert space I2 = hi^)- Therefore M contains the isometry 
V = (g) T, where Te^ = Cj+i is the operator of unilateral shift in I2. It is clear that 
(t>*)™ — )■ 0, m — )■ 00, strongly. Therefore we have strong convergence 

((1 ® 1 ® {v*r ® • • ■ ® iv*r) ® lEnd(y)) ■ (15) 
■ P ((1 ® 1 ® t;™ • ■ ■ ® t;'") ® lE„d(y)) ^ ^Pi, 

m ^ 00. Thus Pi G M, which implies that Pi G M (g) End(V) C Qp. Similar arguments 
show that Pi e Qp for any i = 1, . . . , iV - 1. □ 

Remark 3.1. It follows from Theorem 13.21 that formulae ^ and ([TT]) are valid for Trg^ 
instead of Trg^. 

4. Von Neumann dimensions of the spaces of braid-invariant harmonic forms 

Let X be a smooth connected Riemannian manifold admitting an infinite discrete 
group G of isometrics such that the quotient K = X/G is a compact connected Rie- 
mannian manifold. 

In this section we consider the De Rahm complex of square-integrable forms on 
taking values in a finite dimensional Abelian algebra fi24i1 . We apply the trace formula 
© in order to find the von Neumann dimensions of the spaces of U -invariant harmonic 
forms (the braided L^- Betti numbers). 
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4.1. Setting: Von Neumann algebras associated with infinite coverings of compact mani- 
folds 

Let us describe the framework introduced by M. Atiyah in his theory of L^-Betti num- 
bers, which we will use during the rest of the paper. For a detailed exposition, see [|lll] and 
e.g. (3^. 

We assume that there exists an infinite discrete group G acting freely on X by isome- 
tries and that K = X/G is a compact Riemannian manifold. That is, 

G^X (16) 

is a Galois (normal) cover of K. 

Throughout this section, we fix m = 1, (i, d = dimX — 1, and use the following 
general notations: 

L^f2'"(X) - the space of square-integrable m-forms on X; 
L?'VL'^{K) - the space of square-integrable m-forms on K\ 

H^^^ - Hodge-de Rahm Laplacian on X (considered as a self-adjoint operator in (-^)); 
H'^iX) := KeiH^x^ -the space of square-integrable harmonic m-forms on X. 

The action of G in X generates in the natural way the unitary representation of G in 
L2f2""(X), which we denote 

G3 g^Tge End(L2fi™(X)). (17) 
Let Mm be the commutant of this representation. 

Mm = {TgYg^a C End(L2fi'"(X)). (18) 
It is clear that the space L^i7'"(X) can be described in the following way: 

L^Q'^iX) = L^QT'iK) ® 1^{G), (19) 
with the group action obtaining the form 

Tg=id0Lg, (20) 

g E G, where Lg, g E G, are operators of the left regular representation of G. Then 

End{L^n"'{X)) = End{L^Q"'{K)) ® End(/^(G)) (21) 

and 

Mm = End(L2fi'"(K)) ® 7^(G), (22) 
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where 7^(6") is the von Neumann algebra generated by the right regular representation of 
G. 

In what follows, we assume that G is an ICC group, that is, 

all non-trivial classes of conjugate elements are infinite. (23) 



This ensures that 7^(G) is a Ili-factor (see e.g. [|32ll ). Thus M is a Iloo-factor. 
Let us consider the orthogonal projection 

: ^ W^^X) (24) 

and its integral kernel 

k{x, y) e T.,X ® TyX. (25) 

Then, because of the G-invariance of the Laplacian we have Puar ^ Mm- It was 
shown in [|ll|| that 

TiMPHar= / ti A;(x, x) (ix, (26) 
Jk 

where tr is the usual matrix trace and dx is the Riemannian volume on K. Let us remark 
that, because of G-invariance, k(m,m) is a well-defined function on K. Moreover, it is 
known that ijj^^ is elliptic regular, which implies that the kernel k is smooth. Thus 

(3m := Tim P^Zl < oc. (27) 

The numbers m = 0, 1, d, are called the L^-Betti numbers of X (or K) associated 
with G. L^-Betti numbers are homotopy invariants of K ( nlm ). It is known that 

d 

J2{-^rPm = x{K), (28) 

m=0 



where x{^) is the Euler characteristic of K {L?' index theorem 111 ill ). 

Observe that all of the above can be applied to the product group G^ acting on the 
product manifolds X^ (instead of G acting on X). The Kiinneth formula 

7{™(X^)= K^'{X)®---®K^''{X). (29) 

miH \-mj^=m 

implies that the corresponding L^-Betti numbers of X^ have the form 

/3„(X^)= Pm,...Pm^. (30) 

"ilH \-mj^=m 
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4.2. L?' -dimensions of the spaces of braid-invariant harmonic forms 

Let be a finite dimensional Abelian algebra possessing a structure of a finite dimen- 
sional Hilbert space. Consider the Hilbert space L?'Vl'^{X^) ® oi square integrable 
(with respect to the volume measure) -valued m-forms on . 

Recall that the group G acts on X by isometrics. Denote by 

M^(X^) C End(L2fi'"(X^)) 

and 

Q(m,N) ._ M^{X^) ® End(Ajv) C End(L2fi™(X^) ® A^) 

the commutant of the induced natural action of (by isometrics) on L'^0,"^(X^) and 
L^f2™(X^) Aj\f, respectively. Here End(74iv) is the space of endomorphisms of Ajy 
with respect to its Hilbert space structure (but not in general morphisms of the algebra 
An). Both MmiX^) and Q("^'^) are IIoo factors. 

We adopt the construction of Section [21 with H = L^Vt'^^X^) and V = A^. Consider 
a unitary representation 

71 : B^Bb^ 7i{b) G End(ylAr) 
of the braid group in A^, and the corresponding representation (cf. (O) 

U-.B^Bb^ U{h) = 6(0(6)) ® 7r(6) G End(L2fi™(X^) ® An) 

in the space L^i7'"(X^) ® An, where 6 is the natural action the group Sn in L'^Q'^{X^) 
defined in local coordinates by the formula 

&{(r) f {{Xm)m=l,...N)dXi^ A ■ ■ ■ A dXi^ = f {{x^(ra))m=l,...N)dXa{ii) A ■ ■ ■ A dx^^i^). (31) 

Here a G S'a? is the permutation (1, ...,N) ^ (o"(l), <^{N)). Let 

L2^]™(X^,/l;v) := (i:2fi™(X^) A;v)^ 

be the Hilbert space of fZ-invariant elements of L^f2™(X^) ® An (cf. (H))), and consider 
the corresponding projection 

pI^^ : L2n-(X^) ® ^ L2fi-(X^, An). 

Let A]!^ := {a G : 7r(6)a = a, b E B^^'^} be the space of all tt (5^''^) -invariant 
elements of An. In what follows we will assume that 

is a subalgebra of An- (32) 
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The latter condition holds in all the examples considered in Section [5] below. 
Let be the space of smooth differential m-forms on , and 

be the Hodge differential on . It can be extended to an operator 

where l^jv is the identity operator on Aat. 
Proposition 4.1. 

(i) The exterior product of two U -invariant A ^ -valued forms is also U -invariant. 

(ii) The differential preserves the space of U -invariant forms, that is, 



Proof, (i) The statement follows from (|7]) and condition (l32l) . 

(ii) The statement follows from the fact that d™jv commutes with operators 

® irf and irf ® 7r(6i), i = 1, . . . , - 1. □ 

Let us consider the Hodge-de Rham Laplacian H^J and define 

jj^"^'^) is a selfajoint operator in L^ri™(X^) ® Aat. It follows from the definition of the 
operators d^ and H*^™'^^ that 

Proposition 14. 1 1 implies that H'^'"'^) preserves the space of [/-invariant forms. Moreover, 
j^i-n-hN) commutes with the operators U (6), b E Bj^. 
Let us consider the projection 

Introduce the space 



7/^(X^,A^) := {'H^{X'')^A^) 
14 



of U -invariant elements of 1-C^{X^) ® A^. Observe that the projection 



N 



commutes with the projection 
Therefore the operator 
is the projection, too. 

Our goal is to compute the L^-dimension of the space "HJj (X^, An), that is, the von 
Neumann trace of the projection p('"'^). Observe that Pnlf^^ G Mm{X^), which implies 
thatP£:f)®U^Gg(-'^). 



Proposition 4.2. The factor Mm(X^) does not contain the operators 6(0(6)), h G B^, 

b i ^r'- 

Proof. Note that the space L^r2™(X^) can be represented in the form 

L2fi"^(X^)=L2(X)®^ ® A™(C^), 

where A™(C^) is a m-th direct summand of the exterior algebra A(C^). Then the factor 
Mm{X^) has the form M^(X^) = M®^ ® End(A"'(C^)), where M is the commutant 
of the action of the group G in L^(X). The representation (3 of the group can be 
decomposed into the product 6 = 5 ® 5', where S and S' are natural actions of by 
permutations in L'^{X)®^ and A'"(C^), respectively (cf. ([HI) and (HB)- It follows from 
Proposition [SUhat S{a) i M®^, ^ e. Therefore &{a) ^ M„(X^), (t e, which 
implies the result. □ 

Thus Condition [2?T] is satisfied, and we can apply the results of Section |2l Let 

Q(m,Af) ^Q{m,N) p{rn,N)y, 

be the minimal von Neumann algebra containing Q^"^'^^ and Pjj^'^K 

Theorem 4.3. The von Neumann algebras Q^p'^\ (Mm(X^) x Sn) ® End {An) 
and {Q^'^'^\ {f^(6)}beBiv}" ^'"^ isomorphic. 
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Proof. The first isomorphism of can be proved by the arguments similar to the proof of 
Theorem 13 .21 The second isomorphism follows from Lemma [2!6l □ 

Theorem 14.31 limplies that the von Neumann algebra Q^^'^^ is a IIqo factor (since 

(M^(X^) X Sn) ® End (An) is so). 

Theorem 4.4. The projection p('"'^) belongs to Q^jT'^^ and its trace is given by the for- 
mula 

Tr^(^,.)(p(--^)) = ^^^-'^^-)^^-^ P^....Pm. (33) 

m\-\ \-misr=m 

Here Pm> ^ = 0, 1, ... , dimX, are the L^-Betti numbers of X and p.,^ is the projection 
['If of B^^'^ -invariant elements of A^. 

Proof. The inclusion p(™'^) g Q^'^"* follows from the definition of the von Neumann 



onto the subalgebra A'^f of B^^'^ -invariant elements of Ai 

tie inclusion p(™'^) g Q^'^"* follows from the 
algebra Q^'^^ . The equality follows from Corollary [l9] with A®B = P^j^f^ ® I a, 



and the Kiinneth formula 

7{"^(X^)= H'^\X)®---®K^''{X). (34) 

TtiH h»Tj]v=m 

□ 



We will use the notation b^(X^) = Tr „{™,iv) (P^"'^)) and call hmiX^) the m-th 

V p 

ided L^-Betti number of X^ . 
Let us introduce the constant 



- AT! 

Observe that the trace on the algebra End(AAr) is normalized, that is, trEnd(Ajv)(lAjv) = 1, 
which implies that 

_ diu^Al l_ 

" N\ dim Ar,- N\- ^^^^ 
Then formula (l33l) can be rewritten in the form 

b™(X^) = CI TiMi^APtf^)- (36) 

Remark 4.1. In the situation where the representation tt reduces to a representation of the 
symmetric group Sn (i-C- 7r(6^) = 1) the projection Pt, = \ and formula (l33l) can be 
rewritten in a form 

Trg^(Pir^) = ^Tr,,(.,(P|:f)) 
In this case the braided L^-Betti numbers 6^ do not depend on the algebra A ^ and coincide 



with the L^-Betti numbers of the space of X-point configurations r^r (X) of X ( [|l3ll . 111411 ) 
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5. Examples 



In this section we consider examples associated with particular representations of the 
braid group -Bat. We set Ajy = (C^)®^ (= ) equipped with the natural Abelian algebra 
structure. 

An important class of representations vr can be constructed in the following way. Let 
C be a complex unitary 4 x 4-matrix satisfying the braid equation: 

(C ® 1)(1 ® C)iC ® 1) = (1 ® ® 1)(1 ® C), (37) 

where 1 denotes the identity 2 x 2-matrix. For all generators bi G define an operator 
Tc{bi) acting in A^r by the formula 

7r(6i) := 1® 1(g)- --^C® ■••(g) 1, (38) 

where C acts on the i-th and z + 1-th components of the tensor product (C^)®^. Then tt de- 
fines a unitary representation of Bjy. This representation is not reduced to a representation 
of Sat if and only if 1- 

Remark 5.1. Representations (|38] ) are extensively studied. It is known that the solutions 
of the equation (|J7l) are in one-to-one correspondence with constant solutions R of the 
Yang-Baxter equation 

pfciA;2 T>likz TDhh r)k2k3 rikils iDhh ('iQ\ 

^hh -^fciia-^fcafcs ~ ^32h ^jik3^kik2- y^^) 

More precisely, C = RT., where E is a numerical matrix with elements S^-'^ = SlS} and 
denotes the Kroneker symbol. All two-dimensional solutions of (l39l) have been classified 
in n25\\ . which gives the complete list of unitary 4 x 4-matrices satisfying the braid equation 



Example 1. Let C be an arbitrary unitary solution of the equation (l37l) and = 1. For 
instance, 



/ 










\ 





e 
















e 


















/ 



where e = ±1 and |g| = 1. Then the representation vr is reduced to a representation of 
, so that the corresponding representation vf of the pure braid group B^""^ is trivial 
(7f (6) = id for any b e 5^"''^) and thus = Ajv- Then C]^ = and 

b„(X^) = ^ J2 f3m,.../3m^. (40) 

miH \-mi^=m 
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Example 2. Let g G C be such that |g| = 1 and 7^ 1. Set 



C = 



/ 













1 














1 





V ? 








0/ 



Then C is unitary solution of (|37l) and 7^ 1. 
Proposition 5.1. dim AJ^ = 2 for any N eN. 

Proof. A direct calculation using formula (|38l) . □ 

We can apply the results of Section |4] and compute the braided L^-Betti numbers 
hmiX^) of a connected cocompact Riemannian manifold X. Formula (l35l) implies that 
= 2N-im - Therefore 

bm(^^) = 2N^1J^\ t^m,--- PruM, (41) 

niiH \-rn]\i=m 

where (3i, i = 0,1, 2, are the L^-Betti numbers of X. 

It this example, we can give an explicit description of the braided A^-particle space. 
A direct calculation shows that the only non-zero components of / = (/i, . . . , /2jv) G 
(H (g) V)jj are /ajv_i ^^id /^j^, where the sequence a^- is defined recursively as follows: 
ai = 2 and aN = 2^ — a^^i + 1- Moreover /ajv_i and /a^^ are symmetric elements, so 
that {H ® V)jj = Hq^ ® C^, where ® denotes the symmetric tensor product. 

Example 3. Let g G C be such that |g| = 1 and g^ 7^ 1. Set 

/ g \ 

10 

10 ' 

\ 1 / 

Then C is unitary solution of (|37l) and 7^ 1. 
Proposition 5.2. dim A]^ = + 1. 

Proof. Let cq = (1,0)*, ei = (0, 1)* be the canonical basis in C^. Denote by ejj..i„ = 
Cj^ ® ■ ■ ■ ® Cj^ the corresponding basis in . 
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Consider first the case of = 2. We have B2 = {b} and 7r(6)eoo = qeoo, 7r(6)eoi = 
eio, vr(6)eio = eoi, 7r(6)eii = en. Therefore the basis of Ajj consists of eoi, eio and en, 
and dimA]^ = 3. 

A direct check shows that en n and en iq belong to Ajj . Let us prove that for 

JV JV 

any multiindex I = ii . . A^, ik G {0, 1}, such that e/ G Alj the equality ^Ar = implies 
that ii = . . An-i = 1- Indeed, let z^r = and k := maxjg{i 2,...,Ar_i}{ij = 0} > 0. Then 
it is easy to see that 

6/ = 7r(Xfc,Ar_l)e/ = 7r(6jv_i6Ar_2 • • • • • • ^Ar^-2^JV-l)e/ 

= iT{bN_ibN-2 ■ ■ ■ &fc+i&Deii..ifc_i00i...i = g^e/, 

because the space Ajj is invariant under the representation vr and vr(6^)ejj...jj._^ooi...i = 
'?^ej^,..j^_^ooi...i (recall that 7r(6j) = l(g)---(8)l(g)C(8)l®---(8)l). Therefore e/ = 0. 

Let us prove that e/ G iff e/i G v4]^_,_]^. Indeed, let e/ G A^. To prove that 
e/i G Ajv+i it suffice to check that 7r{xk,N)eii = ^11 for all < A^. If za? = 1 we 
have 7r(xfc,Ar)e/i = 'K{bNXN~i,k)eii = 'rr{bN)en = en since 7r(a;fc,Af_i)e7 = e/. If = 
then by previous statement we have that ii = ■ ■ ■ = i^v-i = 1 and TT{xk,N)^ii = 
'^ibNXk,N~i)en...io = 7r(6Af)en...io = en. ..101 = e/n 

The equalities 7i{xij)en = e/i, i < j < — 1 and the fact that the operators rc{xij) 
are acting only in first N — 1 indexes imply that e/ G Ajj- provided en £ ^n+i- This 
statement combined with the induction arguments and the fact that en iq G ^jy+i 

JV+l 

complete the proof. □ 

It follows from Proposition 15.21 that Cjf = ^w^- Therefore the braided L^-Betti num- 
bers bm(X^) of X have the following form: 

b™(X^) = ^ 5^ ^m,...^m., (42) 

niiH \-mf4=m 

where f3i, i = 0, 1, 2, are the L^-Betti numbers of X. 

The structure of the corresponding braided A^-particle space is more complicated then 
is previous example. It is not hard to see that the representation vf of the symmetric group 
in the space A^j that corresponds to the representation tt can be decomposed into a di- 
rect sum of two cyclic representations tti and 7f2. Representation tti is trivial and acts in 
one-dimensional space generated by the basis element en...i while representation 1x2 per- 
mutetes the other N basis elements in A^j^. Therefore the space H®"^ can be decomposed 
into the direct sum of the space L^(X)®^ of symmetric functions and the space iJ®*2^ of 
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elements from L^(X^) ® that are invariant under representation L^at of the group Sn 
given by the relation 

{0'N{cri)f ){xi, . . .,Xi,Xi+i, . ..Xn) = 7f2(0-i)/(xi, . . .,Xi+i,Xi, . . .,Xn), 

where cti, . . . , a^^i are generating elements of the group Sn. 
Example 4. Let g G C be such that |g| = 1 and 7^ 1 

/ 1 \ 

g 

g ■ 

\ 1 / 

Then C is unitary solution of (|37l) and 7^ 1. 
Proposition 5.3. dim A'^j = 0. 

Proof. Similar to the Example 2 we can show that 7r(6^)ej^...ij.ij.^^...i^ = g^Cj^ iff 
ikik+i = 01 or ikik+i = 10. Therefore any vector v E Ajj should have the form v = 
aeoo,„o + f3en...i- On the other hand, 7r(a;i,2)eoo...o = ?^eoo...o and 7r(xi,2)eii...i = g^eii...i, 
so that 7c{xi^2)v = q^v, which implies that t> = 0. Therefore dim = 0. □ 

Thus, hk{X^) = 0. 

6. Fock space of braid- invariant harmonic forms: -dimensions and index 

Let us consider the infinite disjoint union 

N=l 

The space L^i7™(X) of square-integrable m-forms on X has the form 

L2fi'"(X) = 0L2fi™(X^). (43) 

N 

We can define the Hodge-de Rham Laplacian on L'^Q"^{X) component- wise, that is. 

Trim) \ ^ TT(m) 
N 
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For the corresponding spaces of harmonic forms we obviously have the decomposition 

W^iX) ■= Ker i/^'"^ = W{X^). (44) 

N 

Formulae (l43l) and (|44)) motivate us to define the space 

which can be regarded as the space of "m-forms on the braided configuration space". 
Similar to the case of the de Rham complex (|43l) . the Hodge-de Rham Laplacian H*^™) on 
L^f2™(X) can be defined component- wise, 



HM := 



{m,N) 

N 



The corresponding space of U -invariant harmonic m-forms can be decomposed into the 
direct sum 

W^iXA) ■■= KerH^™) = A^v). 

N 

Let P : = pC'")^ where P*^"*) is the projection onto 'Wl}{'£,A). Moreover, we have the 
equality P^"^) = Y*(rn,N) ^ which implies that p(™) an element of the von Neumann 
algebra gj") ■.= @Qf'''\ 

N 

We introduce a regularized dimension bm(X) of the space WfJi^.A) by the formula 



and define the supertrace 

oo 

STRP = J](-l)"^b^(X). (45) 

m=0 

Here we use the convention bo = 1. 

Theorem 6.1. The series in the right-hand side o/(E21) converges absolutely and 



§TRP = 5^C^xW^<oo, 



N 



where xi^) ^he Euler characteristic of K. 
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Proof. Formula (|35l) shows that CJj < Then 

oo oo oo 

m=0 m=OAr=0 ' fci+fc2 + ...+fcjv=m 



Then 



Af=0 \ A: 



STMP = ^(-l)"b„(X) 



TV 

fc I < oo. 



m=0 

oo 



E^^fE(-i)'/5^) 

Af V fc / 

AT 



because of the equality (— 1)™ (3m = x{K) (the index theorem llllh ). □ 

Let us consider the examples of the previous section. In all these examples we have 
An = (C^)*^^ so that dimylAr = 2^. Thus, we can apply Theorem 16.11 and compute 

Example 1 (revisited). C]^ = and STM P = e~^^^\ The latter expression coincides 
with the formula derived in ^ for the case the de Rham complex over the configuration 
space equipped with the Poisson measure. 

Example 2 (revisited). Cjj = ^-i m\ ■ Then 



N 



N N 
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Example 3 (revisited). CJ, = ^rj^ - Then 

2 ^ (iV-l)!^ 2 J 2 ; 

Remark 6.1. Under the additional assumption of dimX = 2, the only non-zero L^-Betti 
number of X is /3 = /3i(X). Then, according to formula (l33l) . the only non-zero braided 
L^-Betti number of is biv(X^) = and therefore 

hU^)=CJ,r, m = 1,2,3,.... 

Remark 6.2. The right-hand side of formula (l45l) can be understood as a regularized index 
of the Dirac operator D + D*, where D := J2m Sat see [11 ] and e.g. [30] for the dis- 
cussion of von Neumann supertraces in geometry and topology of Riemannian manifolds 
and their relation to L^-index theorems, and yj], [|2l]> iS] for the extension of these notions 
to the framework of infinite configuration spaces. 
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